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Abstract: This paper presents the mathematical modelling and simulation study of three phase squirrel cage
induction machine. This is achieved, using the dot convention technique for magnetically coupled circuit
applicable to circuit elements of electrical machines. When two loops (coils), with or without contacts between
them affect each other through the magnetic field generated by one of them, they are said to be magnetically
coupled when such loops are in a close proximity to each other, the magnetic flux caused by current in one coil
links with the other loop, thereby inducing voltage in the later by mutual induction. Based on the notion of
mutual induction, we then introduce the circuit element known as transformer. A close examination of the flux-
mmf interactions in a poly-phase squirrel cage induction motor shows that, electrically, the machine is a form of
transformer. The synchronously-rotating air-gap flux wave in the induction machine is the counterpart of the
mutual core flux in the transformer. The rotating field induces emf’s of stator frequency in the stator windings
and of slip frequency in the rotor windings (for all rotor speeds other than synchronous speed). The induction
machine transforms voltages and at the same time changes frequency. When viewed from the stator, all rotor
electrical and magnetic phenomena are transformed to stator frequency. The rotor mmf reacts on the stator
windings in the same manner as the mmf of the secondary current in a transformer reacts on the primary.
Pursuit of this line of reasoning leads to per-phase equivalent circuit for 3-phase induction machines which
closely resemble that of the transformer (A.E. Fitzgerald et al (2003)). In terms of operation, the squirrel cage
induction machine can be relatively seen as a short-circuited rotating transformer, having much similarity in
their steady state equivalent circuits. In the course of developing this paper, the equivalent circuit of the squirrel
cage induction machine, from which its steady-state characteristics via simulation/matlab plots could be
predicted, is obtained using the magnetically coupling effect of transformer elements.

Keyword: Magnetic coupling, mutual induction, self induction, short-circuited rotating transformer, squirrel
cage induction machine.

. Introduction

Where a 3-phase supply is available, 3-phase motors are preferred to 1-phase motor in all but the
smallest size. The 3 — phase squirrel cage induction motor is more efficient, has a high power factor, better
starting properties and are cheaper than the corresponding 1 — phase motor of same size and rating. Supply
authorities require 3 phase motors to be used where possible, to prevent unbalanced loads on the mains.

In a 3 — phase squirrel cage induction machine (motor), the magnetic field rotates, and this has the
advantage that no external electrical connections to the rotor need be made. Its name is derived from the fact
that the current in the rotor is induced by transformer action. That is to say that the current in the rotor is induced
by the magnetic field instead of being supplied through electric connection to the supply (John bird (2010)).
Hence, the squirrel cage induction motor is also known as rotating transformer. That is, when an e.m.f is
supplied to its stator, then as a result of electromagnetic induction, a voltage is induced in its rotor by mutual
flux. So an induction motor is termed a transformer, with rotating secondary. Here, primary of transformer
resembles stator winding of an induction motor, while the secondary resembles the rotor (Electrical 4 u.com).

In its strict analytical configuration, the squirrel cage induction machine shares a related similarity with a
transformer, especially in their equivalent circuit representations.

I1.  Production of a rotating magnetic field

The stator of the motor consists of overlapping winding offset by an electrical angle of 120°. When a 3
— phase supply is connected to the stator windings, a rotating magnetic field of constant amplitude in the air-gap
which rotates at the synchronous speed is produced. There is relative velocity between the constant amplitude
rotating field and the stationary stator winding (Smarajit Ghosh (2017)). So an emf is induced in the stator
winding. The magnitude of this induced e.m.f in any one phase is given by;
Eph = 4.44 f K,, Ngph ¢ volts o1
Where, f = rotational frequency of the supply voltage
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Ky = winding factor, Ngph = the stator series turns/phase, ¢ = flux per pole.
Additionally, in an induction machine (motor), the rotating magnetic field in the air gap rotates at a synchronous
speed (N;) given by;

N = (55 o
= (%) rps .2

Where P = number of stator poles

Since the rotor rotates at a speed N, rpm less than the synchronous speed N; in the same direction of the
rotating magnetic field, the relative speed (NR) (also known as slip speed) between the rotating magnetic field
and the rotor is given by,

Nr = (Ns = Ny) rpm N
L Slip Speed
Butslips = sync hronous Speed
Ng—N; Ng
TNety Ny 4
Ny Ns
From Equ. 4,
N, = (1-5) N ¢

If we let us suppose that the frequency of induced or generated e.m.f in the rotor coil is f, (slip frequency) then,
f,=sf Hertz ...6
Hence, the e.m.f. induced or e.m.f generated in one rotor coil is given by;
E, = 4.44 f, N,ph kw ¢
=444 sf Nphkw ¢ Volts i
where Ny = rotor turns/phase
Conversely, if the rotor is being rotated at a speed (N, rpm) in the opposite direction of the rotating field (N,
rpm), the slip is given by the frequency of induced or generated e.m.f in rotor by;

. Ng+N,
Slips= N .. 8

I11.  Model of a 3 — phase squirrel cage induction machine (motor).

The development of the model for the 3—phase squirrel cage induction machine was done, using the dot
convention technique for magnetically coupled circuit. We will begin with the concept of mutual inductance and
tactically introduce the dot convention used for determining the voltage polarities of inductively coupled
components. Based on the notion of mutual inductance, the circuit element known as transformer is introduced,
from which the idea of the induction machine at stand-still being a static transformer with its secondary winding
short-circuited comes into play.

IV.  Derivation of 3—phase squirrel cage induction machine steady-state equivalent circuit.

The 3- phase squirrel cage induction machine (motor) equations and equivalent circuit can be obtained
from the equivalent T circuit of a linear transformer as illustrated below, starting from the time and frequency
domain analysis of a circuit containing coupled coils as shown in fig 1 (a/b) below;

M M
m |2 N |1 m |2
Rz Rz
o o V,
L, jwlL,
@ (b)

Fig 1-(a)-Time-domain circuit of the coupled coil

(b) — Frequency- domain circuit of the coupled coil (Charles K. Alexander et al (2007)).
NB: M and L are the Mutual and self inductances of the coils respectively.
From fig 1b, and analyzing the circuit in the frequency domain by applying KVL to coils 1 and 2 we have;
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V1= (Ry+jwly) Iy + jwML,
V, = jwMlIy + (R + jwLy) I,

Putting equation 9 in compact form we have,

VZ iwM R2 + ]WLZ 12

If we consider the imaginary components L; and L, as in fig 1(a/b), the circuits boil down to an equivalent
circuits of a linear transformer as shown in fig 2 below;

I I, ly

+O_>_.‘ ?—O + +O—P—.‘ < o

ng E L, V, = VleLlj E wk, |V,

\Y

o

o

(
1
o
|

(a) _(b)
Fig 2 — Equivalent circuits of linear transformer

From fig 2b
Vl = jWLlll +JWM |2
11
Vo= jwMl, + jwl, I, }
V_l _ ]WLl ]WM] [11]
:3[w]‘LwM jwL, | L 12

Let us suppose that the corresponding equivalent T circuit of the linear transformer equivalent circuit of fig 2 be
given as in fig 3 below;

L, Ly |
T . aane < o

@)
A £

Vl Lc VZ

o ‘o)
Fig 3 — Equivalent T circuit of the linear transformer

For the T network of fig 3,
Vi=jw (L, + L) Iy +jwle I, ...13
Vo=jwlely +jw (Ly + L) 12
Vl] — ]W (La +Lc) jWLc ][Il] 14
VZ jWLc ]W (La + Lc) 12 N
If the circuits of fig 2b and fig 3 are equivalent, then equations 12 and 14 must be identical.
Hence, equating terms in the impedance matrice of equations 12 and 14 leads to;

JwLy = jw (La + L)

=L =L+ L

Similarly, jwL, = jw (Lp + L) .15
=L =L, + L,

Likewise, jwM = jwL,

=>M=L
From equation 15;
IfM =L,

..Ly = La + M, from which;

La=L,— M
Nm¢¢=qu:}” ~-16

By substitution, the equivalent
T circuit of the linear transformer of fig 3, reduces to;
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ly (%M) (L=-M) |,

N <
Ll <

A M v,

Fig 4 — Equivalent T circuit of linear transformer with parameters (L4, Ly, M).

To account for the losses in the coil, the real quantities R; and R, of fig 1 are inserted into fig 4 as below;

AS
o

I, Ri (Li=M) (LG—mM) /\F}\f\/\

Vv, M v,

Fig. 5 - Equivalent T circuit of the linear transformer with real and imaginary quantities.

Obviously, a squirrel cage induction motor at stand-still (s=1) mimics a static transformer with its
secondary winding short circuited as in fig 6, so that V, of fig 5 becomes zero The equivalent circuit of an
induction motor is similar to that of a transformer. The main difference is that the rotor of induction motor
rotates and mechanical power is developed (Smarajit Ghosh (2007)).

Iy AI7V1\/\ (L%M). (L,=M) I

Im

|
Vv M %Rz

ol
Fig 6 — Per-phase equivalent circuit of squirrel cage induction motor at stand still (s = 1).

Under run condition of the motor, Nr>0, and s < 1. Hence the load resistance R; is affected by slip s, as
depicted in fig 7.Given that resistance (R;) = stator winding resistance (R;), resistance (R,) = Rotor winding
resistance (R,), Inductance (L) = stator winding inductance (L), Inductance (L,) = Rotor winding inductance
(L)) and M = mutual inductance of Ls and L, then fig 6 becomes;

Rs (L,—M) (L= M) |
. amm

ls

o——

e

Y

Im
\ M R,

S

o !
Fig 7 = Per-phase equivalent circuit of squirrel cage induction motor at run condition (S < 1).

Table 1.1 — Parameters for the steady state simulation of 3—phase squirrel cage induction motor.

Parameter Value
Ly=1L, 119.79mH
M 114mH

R, =R, 1.10Q

\Y/ 220V

F 50 H,

P 2
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V.  Power across air-gap, output power and electromechanical torque
With reference to the equivalent circuit of fig 7, the power crossing the terminals of the shunt mutual
inductance (M) is the electrical power input per phase minus the stator losses (stator copper and iron loss). It is
the power that is transferred from the stator to the rotor through the air-gap magnetic field. This is known as the
power across the air gap. Its 3 — phase value (Py) is given as;

Py=3(17) % Watts 17
Similarly, Rotor copper loss P, = 31°R, Watts ... 18
From equations 17 and 18
— PCT
Py= -~
= Py =5Py Watts ...19

The mechanical output (gross) power (P,,) of the motor is obtained by subtracting equation 19 from 17 as below;
=P = Pg- P = 3(1)° = -3(1)° R,

=3(1)° (1)

5 Py =Pg (1-5) .20

Similarly, the electromagnetic torque (T.) developed by the motor is given by;

P, (1-s)P, P
T.= 9 = 79 -9

wr wg (1-5) Wg
Where w,.= rotor speed in mechanical radian per sec, w, = synchronous speed in mechanical radian per second.

e=— < N-m .21

f—
NB: @, = 2 N,
w, = 21t N, 22

More still, the mechanical net power or shaft power (Pg,) = P,, — Mechanical losses (friction and windage losses)
= Output or shaft torque (Tg,) of the motor is given by;

__Psn _
Teh = (I—s)os N-m .23

Equation 21 is an interesting and significant result according to which torque is obtained from the power across
the air gap by dividing it with synchronous speed (w) in rad/s, as if this power was transferred at synchronous
speed.

V1 Torque-slip characteristics
The torque-slip characteristics of the motor can be studied for better if the per-phase equivalent circuit of fig 7
is slightly modified as in fig 8 below
(Lc— 1)

- -
AT P

I=
O— t
I)[:
W M R“r"
[o]

5

Tlr

Fig 8 — MoaiTiea per-pnase equivalent CIrcuit of squirrel cage Inauction motor at run condition

The expression for torque-slip characteristics is easily obtained by finding the Thevenin equivalent of the circuit
of fig 8, to the left of ab, as shown below;

Zry = Ry +j Xy

= (Rs +j X(Ls-M))//ij

_ (Rs +jX@wg—M)iXm

T (Re+i X(g-m)HXm)

_ (Rs+jXwg—M)iXM

T (ReH) Xqug-m)+Xm)

Assuming (X s-my+tXw) >>> R, then;
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Rs Xm + j X(Ls -M)XM O 24

TH=
Xus-m)tXm X@ws—m)+Xm

R XM
= Ry = ——=——— (real component of Z
™ Xws-m)y+Xm) ( P TH

KX )
Xy = MM (1maginary Component of Zry| .25
X(Ls—M)+Xm

.. XM
Similarl , Vg = []—]V
Y VH Rs+HX(Ls—my+Xm)] >

For negligible value of Ry compared to j(X,s—um) + Xu),
X

Viy = (—M) Volts ...2

T\ K as—mn+Xu) vs oms 6

The circuit of fig 8, reduces to that of fig 9, in which it is convenience to take V14 as the reference voltage

I Ry X1y a
]

o— —MW—_am (L)

° ?
Fig 9 — Thevenin equivalent of 3-phase squirrel cage induction motor circuit model

From fig 9,

VrH
I, = A .27
" [(Rew +EE) 4+ Xn + X (Le—M))

Putting equation 27 into 21 we have;

3R, Vru)?

)
S R .
@s (RTH +Tr) +HXTH +X(Lr=M)?

Te= N-m ...28

Equation 28 is the expression for torque developed as a function of voltage and slip. If the machine
parameters of table 1 are properly used for the calculation of the parameters of equation 28, a simulation plot for
the average value of the torque developed at various slip values is obtained as in fig 10. This is termed the
motoring region of the machine operation. In this mode of operation, the rotor rotates in the same direction of
operating magnetic field produced by the stator currents, the speed is between zero and synchronous speed, and
the corresponding slip is between 1.0 and 0 (Eleanya (2015)). The speed of the rotor (N,) is less than the
synchronous speed (Ns).

VI.  Efficiency [Jof the squirrel cage induction motor.

The resistance of a squirrel cage induction motor is fixed, and less compared to its reactance. There is
no provision for addition of external resistance. Hence, it is affected by low starting torque with a compensated
high efficiency. The efficiency of the machine is given by;

_ Power output
&= Power input 29
Neglecting losses, and using derived equations of fig 8/9, we have;
%= (R V71100 .30
Sty [(RTH + RS—T) + X7+ X, -m))?
A plot of the machine efficiency against slip is shown in fig 11.

VII.  Discussion of Results/Conclusion
The equivalent circuit of a three phase squirrel cage induction motor, using the dot convention
technique for magnetically coupled circuit has been presented. From the plot of fig 10, at low slip (near
synchronous speed), the torque is linear and is directly proportional to slip. Conversely, at large values of slip,
the torque is approximately inversely proportional to slip. At synchronous speed (s = 0 ), current and hence
torque decayed to zero. At stand still condition (s = 1) of the motor, the rotor speed is zero and the torque
produced is 3.80 N-m. More still from fig 11, the machine efficiency is high and approximately linearly
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proportional to slip, within the range of 0 < s < 0.25. This is the attribute of its low magnetizing current and the
corresponding high power factor.
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Fig 10: Torque — slip curve of a typical 3 -phase squirrel cage induction motor
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Fig 11: The machine efficiency at motoring mode
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